Global solutions with infinite energy for the 
1-dimensional Zakharov system 

Hartmut Pecher 

Fachbereich Mathematik und Naturwissenschaften 
Bergische Universitat Wuppertal 
Gaufistr. 20 
D-42097 Wuppertal 
Germany 

e-mail Hartmut.Pecher@math.uni-wuppertal.de 
Abstract 

The 1-dimensional Zakharov system is shown to have a unique global 
solution for data without finite energy. The proof uses the " I-method " 
introduced by Colliander, Keel, Staffilani, Takaoka, and Tao in connection 
with a refined bilinear Strichartz estimate. 

Introduction 

Consider the (l+l)-dimensional Cauchy problem for the Zakharov system 

iu t + u xx = nu (1) 
n t t ~ n xx = {\u\ 2 ) xx (2) 
u(0) = u , n(0) = n , n t (0) = m (3) 

where u is a complex-valued und n a real-valued function defined for (x, t) G 
R x R+. 

The Zakharov system was introduced in |7j to describe Langmuir turbulence 
in a plasma. 

Our main result is the existence of a unique global solution for data without 
finite energy, more precisely we assume uq € H S (R) , uq € -fP -1 (R) , A~ l l 2 ni G 
iJ s - x (R) , where 1 > s > 5/6 , A := —£ I . 

This result can be proven by using the conservation laws, namely conservation 
of ||n(t)|| and 



1 f°° 
E(u,n) := |K(t)|| 2 + -(\\n(t)\\ 2 + \\A- 1/2 n t (t)\\ 2 )+ / n(t)\u(t)\ 2 dx 

although under our assumptions these quantities are not finite, in general. 

Results of this type were given in various situations in the last years in the 
framework of the Fourier restriction norm method in most of the applications. 
One approach is to use Bourgain's trick to split the data into high and low 
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frequency parts. He used it to prove global well-posedness for the (2+1)- and 
(3+l)-dimensional Schrodinger equations with rough data without finite energy 
|B1| . |B2| and for the wave equation |B3| . Later it was also used for other model 
equations C'S'fl . [FLPj . |KT] . |KP Vj . |P2j . Concerning the problem at hand the 
author had been able to show global well-posedness for data (%,no,ni) G H s x 
I? x H~ x for 1 > s > 9/10 |Plj . Remark here that no data no L 2 were 
admissible because in such a case the nonlinear part of n(t) could not be shown 
to belong to L 2 which is necessary for this method. In contrast, the approach 
here allows data no ^ L 2 and also less regular data uq. 

Another approach was initiated by Colliander, Keel, Staffilani, Takaoka and 
Tao in |CKSTT3| . called the I-method. The main idea is to use a modified en- 
ergy functional which is also defined for less regular functions and not strictly 
conserved. When one is able to control its growth in time explicitly this al- 
lows to iterate a modified local existence theorem to continue the solution to 
any time T and moreover to estimate its growth in time. This method was suc- 
cessfully applied by these authors to several equations which have a scaling in- 
variance with sometimes even optimal global well-posedness results. It was used 
in |CKSTT3| to improve Bourgain's global well-posedness results |Blj . |B2j for 
the (2+1)- and (3+l)-dimensional Schrodinger equation with a further improve- 
ment in CKSTTO . Later it was applied to the (l+l)-dimensional derivative 
Schrodinger equation |CKSTTT] with an (almost) optimal result in |CKSTT2j 
and to the KdV and modified KdV equation with also optimal results in some 
cases CKS TT4] . P<STT5] . 

Although in our situation such a scaling argument does not work we are able 
to suitably modify the method to prove the above mentioned global existence 
result for the Zakharov system. 

The paper is organized as follows. We transform the system in the usual way 
into a first order system. Then we apply the multiplier In for given s < 1 and 
A >> 1 to it, where ijv/(£) := JTiJV (£)/(£)• Here mj\r(£) is a smooth, radially 
symmetric, and nonincreasing function of |£|, defined by toat(£) = 1 for |£| < A 
and m,7v(0 = (]ff) 1_s f° r l£l — 2A. We drop A from the notation for short and 
remark that / : H s — ► H 1 is a smoothing operator in the following sense: 

||tt|| v m,b < c|| Iu\\ y-m+l-s,b < cA'^llull x m,b 

Here we used the A™' 6 - spaces which are defined as follows: for an equation of 
the form iut — (f(—id x )u = 0, where <p is a measurable function, let X™ )b be the 
completion of <S(R x R) with respect to 

\\f\\ x ^ ■= \\(O m (r) b He lM - idx) f(x,t))\\Lj 
= \\(O m (r + ^)) b mr)\\ q 

For ip(^) = ±|£| we use the notation A™' b and for ip(£) = |£| 2 simply X m,b . 
For a given time interval / we define = ' m ^f lI= f ll/llx™. 6 an d similarly 

ll/llx™'^/)- 

For the modified (by I multiplied) Zakharov system we then prove a local 
existence theorem by using the precise estimates given by |C4TVj for the standard 
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Zakharov system in connection with an interpolation type lemma in |CKSTT5] . 
Our aim is to extract a factor T" 5 with maximal 5 from the nonlinear estimates 
in order to give an optimal lower bound for the local existence time T in terms 
of the norms of the data. Because the difference of the differentiability classes of 
the data is maximal (=1), one is forced also to use here the auxiliary spaces Y™ 
(cf. [UTV| ). defined by 

= ll(O m <r + ^))- 1 /(^r)|| i | i i 

As is typical for the /-method one then has to consider in detail the modified 
energy functional E(Iu, In) and to control its growth in time in dependence of 
the time interval and the parameter ./V (cf. the definition of I above). The 
increment of the energy has to be small for small time intervals and large N. 
Because the modified energy functional is somehow close to the original one here 
some sort of cancellation helps. An important tool is also a refined Strichartz 
estimate for the product of a wave and a Schrodinger part along the lines of 
Bourgain's improvements for the simpler pure Schrodinger case (cf. Lemma l2.2[) . 
This estimate for the modified energy functional can also control the growth of 
the corresponding norms of the solution of the problem during its time evolution. 
One iterates the local existence theorem with time steps of equal length in order 
to reach any given fixed time T. To achieve this one has to make the process 
uniform which can be done if s is close enough to 1 (namely s > 5/6). 

We collect some elementary facts about the spaces X™ ,b and Y™. 
The following interpolation property is well-known: 
x ^-e )mo+ e mi ,a-e)b 0+ e bl = ^o.^j^A)^ for e e [0j i]. 

If u is a solution of iut + ip(—id x )u = with u(0) = f and ip is a cutoff function 
in Cg°(R) with suppip C (-2,2) , iff = 1 on [-1, 1] , ip{t) = ip(-t) , ip{t) > , 
ips{t) ■= V'd) , < S < 1, we have for b > 0: 

||V>iw|| x m,i. < c||/||h™ 

If v is a solution of the problem ivt + (p(—id x )v = F , v(0) = , we have for 
6' + l>6>0>6'> -1/2 

Wsv\\ xm , b <c5 l+b '- b \\F\\ ym , b , 
and, if b' + 1 > b > > b' , we have 

II^MI^i < c{5 1+b '- b \\F\\ v m , y + 5^- b \\F\\ Y ni) 

(for a proof cf. |UTV] . Lemma 2.1). Moreover, if w(t) = jjef*-')^-*) F(s) ds 
we have by |OTV| . Lemma 2.2, especially (2.35), for S < 1 

lkllc ([o,5],ifi) < cll-^lly^o^] ( 4 ) 
Finally, if 1/2 > b > b' > , m G R , we have the embedding 

\\f\\x-y m ^ cSb ~ b 'y\\x^ s] (5) 
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For the convenience of the reader we repeat the proof of [U], Lemma 1.10. The 
claimed estimate is an immediate consequence of the following 

Lemma 0.1 For l/2>6>6 / >0,0<5<l,m€R the following estimate 
holds: 



Usf\\ xm ,y < c5 b ~ b \\f\\ xm , b 



Proof: The following Sobolev multiplication rule holds: 

\\fg\\ H y < c||/|l i - {h - b >) \\g\\ H } 

This rule follows easily by the Leibniz rule for fractional derivatives, using J s := 
\\f 9 \\ H « < c(\\(J b 'f)g\\ L . + \\f(J b 'g)\\ L .) 

< c(||j 6 7llL ? lbll L? ' + ll/ll ir ll^'5llL ? ) 

with 1 = 6,^ = 1- 6,^ = 6-6' ,I = i- (6 - b'). Sobolev's embedding 
theorem gives the claimed result. Consequently we get 

\\^sg\\ H v < c\\^s\\ i-(6_6oll0llj# ^ cSb ~ b '\\g\\m 

t H 2 t t 

and thus 

UsfW^M = \\e tM - i9 ^5f\\ H ^ Hr < c5 b - b '\\e^- id ^f\\ H ^ Hb 

= c5 b ~ b ' ll/H ym ,„ 

Fundamental are the following linear Strichartz type estimates for the Schrodinger 
equation (cf. e.g. |GTVj . Lemma 2.4): 

l|e^l|z|(i,L S (R)) < c||^||l|(r) 

and 

IMIl?(/,lj(r)) < c||m|| x0 ,i +(/) 
if0<| = ^ — i , especially 

lllill r6 < C\\u\\ n 1, 

which by interpolation with the trivial case IMI/-2 = ||u||xo,o gives: 

xt 

\\u\\ T p < c\\u\\ n 3,1 l u 

if 2 < p < 6. For the wave equation we only use H^iHL^i 2 < c||n-i-|| i + . 

t x 

We use the notation (A) := (1 + A 2 ) 1 / 2 . Let a± denote a number slightly larger 
(resp., smaller) than a. 

Acknowledgement: I thank Axel Griinrock for very helpful discussions. 



1 Local existence 

The system (^P),©,® has the following conserved quantities: 

||«(t)|| =:M 

and 

E(u,n) : = ||AV2 u (t)f + l/2(||n(t)|| 2 + ||^(*)|[ 2 ) + / n(t)\u(t)\ 2 dx 



where V x := —nt and A := — . 

The system (0),(J2J),(J3J) is now transformed into a first order system in t as follows: 
with n± := n±iA~ x l 2 n t , i.e. n = ^(n + +n_), 2iA _1//2 re t = — n_, and n^ = n_ 
this gives 

iu t + u xx = i(n++n_)n (6) 

in ±t ^A x l 2 n ± = ±A 1 /\\u\ 2 ) (7) 
u(0) = no , "-±(0) = "-±0 := no±iA~ 1 / 2 ni (8) 

The energy is given by 

E(u,n + ) = \\A l ' 2 u\\ 2 + l -\\n + f + \ J (n + + nT)\u\ 2 dx 
By Gagliardo-Nirenberg 

n\u\ dx < — In dx + c \u\ dx < -\\n\\ + c\\u x \\\\u\\ 

< ^(IM| 2 + IKI| 2 ) + colM| 6 

This easily implies 

\\A l / 2 u\\ 2 + ||n|| 2 + ||y|| 2 < c(E + IMI 6 ) = co(E + M 6 ) (9) 

and also 

E < c Q {\\A l l 2 u\\ 2 + ||n|| 2 + ||y|| 2 + M 6 ) (10) 

We want to apply the I-method (for the definition of I see the introduction). A 
crucial role is played by the modified energy E(Iu, In+) for the system 

ilu t + lu xx = -I[(n+ + n-)u] (11) 

iln±t T A x l 2 In± = ±IA 1 / 2 (\u\ 2 ) (12) 
J«(0) = Iu , ln±(0) = In± = I (n ± iA~ 1/2 ni ) (13) 

namely 

1 If 

E{Iu,In + ) := ||/u :E || 2 + -||/n + || 2 + - / I(n + +n^)\Iu\ 2 dx 
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which is not conserved but its growth is controllable. 
An elementary but lengthy calculation shows 

—E(Iu,In + ) = Re{I(n + + n^)Iu — I((n + + n^)u),Iu t ) 

+ Re(In + ,iA 1 / 2 (\Iu\ 2 - I{\u\ 2 ))} (14) 

If I = id this again shows the conservation of E(u, n + ). 

Before considering this modified energy in detail we give a local existence 
result for the system (|ll|) .(|12 |) . (|13j) . which essentially uses the bilinear estimates 
given by |GTVj for their local existence result of the Zakharov system. 

Proposition 1.1 Assume s > 1/2. Let (uo,n + o,n^o) £ H s x if 8-1 x H s ~ l be 
qiven. Then there exists a positive number 5 ~ jjjj — n nr? it — nr? n — vjt such 

a r {\\Iuo\\ H i+\\In +0 \\ L 2+\\ In -o\\ L 2r + 

that the system M°J\) has a unique local solution in the time interval 

[0,(5] with the property (dropping from now on [0,(5] from the notation): 

ll Ju ll y i,A + \\ In +\\ o,i+ + o,i+ < c(||J«o||hi + II^+oIIl2 + ||In_ ||La) 

A 2 X+ 2 X _2 

This solution also belongs to C°([0, 5], (R)) and 

\\ Iu \\c°([0,6],HU~R)) < cdl^ollffi + II^+o||l2 + ll-^-ollia) 

Proof: We use the corresponding integral equations to define a mapping S = 
(S , Si) by 

S (Iu(t)) = Ie it9 *u + l I e^- s ^I(u{s)((n + {s) + n^{s))ds 

2 Jo 

Si(/n±(t)) = Ie itAl/2 n± ±i f e^ 3 ^ 2 A 1 ' 2 1(\u(s)\ 2 ) ds 

Jo 

We use |GT V| . Lemma 4.3 to conclude for s > 1/2: 

ll^i^ll , i < c||n-i-|| „ ,3, llull .3, 

Similarly |GTVj . Lemma 4.5 shows 

||n+n||ys < c||n±|| , , 3 , ||u|| , 3, 

Finally, GTV , Lemma 4.4 shows for s > 0: 

ll^ 1/2 (l«| 2 )ll s 1 1+ < c||n|| 2 1 + 
11 vi 1 / 11^0-1,-3+ — 11 u x s 'i ++ 

These estimates imply similar estimates including the I-operator by the interpo- 
lation lemma of |GKSTT5] . namely 

\\I(n±u)\\ xlt _i + ||/(n ± n)|| y i < c||l7i±||^ 0| g + ||Iu|| A;li g + 
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and 



\\IAV\\u\ 2 )\\ r <c\\Iuf , 

X. _|_ -A 4 



where c is independent of N. 

The same estimates also hold true for functions defined on [0, 5] only, and for 
such functions we can also use the embedding (5). This gives 



and 



||/(n±«)|| xl ,_i + ||/(n±«)||yi < c||/n ± |[^i + ||In|| xli i5 



\\IAV\\u\ 2 )\\ 0i _ J+ < c||/«||= > 

X ± * A 2 



Using these estimates the integral equations lead to (remark here that one needs 
the space Y 1 , cf. fCTY] . Lemma 2.1): 

\\S (Iu)\\ x ^i < c\\Iu \\ H i +c(||Jn + ||^ 0i i + + \\In-\\^ 0i i + )\\Iu\\ vl! i64~ 



\\Si(In±)\\ i + < c\\In± \\ L i+c\\Iu\\ 2 ^62- 

Xj_ * A 2 

The standard contraction argument gives the existence of a unique solution on 
[0, 5] with 

H-HI ! i + ||Jn+|| o,i+ + \\In-\\ o i + < 2c(||Iu ||jfi + II^+oIIl^ + HJn-oll^) 

A 2 2 2 

provided 

c£2~(||Iuo||.ffi + ||/n +0 || L 2 + ||/n_o||L2) < 1 

Concerning the property Iu € C°([0, <5], H^) we refer to |GTV| . Lemma 2.2 (use 
the first integral equation and I(un±) £ Y 1 ). Moreover Q gives 



ll-Hlc°([o,a],jfi) ^ II^oIIhi +c(||J(n+u)||yi + ||I(n_u)|| y i) 

< || Ju + c6" (II J n+ 1| i + + ||/n_|| i + )||Jii 

x, 2 x_ 2 

^ Mr || , ff (P«0||Hl + ll^ +0 || L 2 + ||Jn- || L 2) 2 

\\Iu \\ H i + ||In +0 || L 2 + ||/n_ || L 2 

< c(||j« ||hi + II^+oIIl2 + II^-qIIlO 



2 A bilinear Strichartz estimate 

Lemma 2.1 

IKi^Viill^ <c|| 

n ± II v o,^+ ll tt ll x o,^+ 

Proof: We split the domain of integration into the following parts 

a) suppu C {|£| > 2} 

b) suppu C {|£| < 2} 
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a) We assume suppm± C {£ > 0} (the other part suppm± C {£ < 0} can be 
treated similarly) and suppv C {|^| > 2}. In this region we conclude as follows: 

We^D^ve^WWn (15) 

xt 

2 

/ <%dt I e-^^-^^vi^Wm) ■ 

J J£=£i +£?=r?i +m , m,£7>0 , l£i l,lm l>2 



m ± (£ 2 )m ± (772) |6 1 2 |r?i | 2 c^i^i 



^ eft; / rf6^i^(^(m))^(6)^(m)"^t(6)^±( r /2)|6l 2 M 2 

with 

P( m ) := g±\H 2 \-ViT\t;-Vl\=g±\ti2\-riiT\ri2\ 

= il ±&-r l 2 1 TV2 = e? ± (C " 6) - r/ 2 T (£ - 

= £1 ~ViT (6 - ??i) = (6 - r7 X )[(6 + 77a) t 1] 

This function has the simple zeroes 771 = £1 and 7/1 = ±1 — 6- Moreover P'(r]i) = 
—1r\\ ± 1 , thus I P' (771) I ~ 1 771 1 in our region [771! > 2. Using the well-known 
identity 

f{x k ) 



J 8(P( m ))f( m )d Vl =J2M 



'0»*)l 

where denotes the simple zeroes of P, we remark that in our case for the zeroes 
we have 1 771 1 ~ |£i|> and therefore the factor |6| 2 |t7i| 2 cancels with \P'(xk)\- Thus 
we can estimate IJ15JI using Schwarz' inequality by 

c f d £ y"^6l^(6)^(6)^(^-6)^±(C-6)l 

+ cjdtj deii«(£iM±i - &}m±(t - ei)^±(l - (±1 - 6))i 

< c||u||| 2 ||m±|||2 =c||w|||2||m ± ||| 2 

and the claimed estimate follows directly in the region suppu C {|£| > 2} (cf. 
e.g. |P2j . Lemma 1.4, [G], Lemma 2.1 or |KS| . Section 3). 
b) In the region suppu C {|£| < 2} we have 

11 I 
\\(Diu)n±\\ L 2 < \\Diu\\ L 2 L tt\\n±\\ L °o L 2 < c\\D£u\\ i + \\n±\\ ,i + 

L t H x X ± 

< c||u|| L 2 L 2||n ± ||^ i + <c||«|| v0i4+ ||n±||„o,U 

Lemma 2.2 



\\{D l J 2 u)n±\\ L 2 < c\\n±\\ 1 

x ± 

Proof: Interpolate the estimate of the previous lemma with 



\\{Diu)n ± \\ L 2 t < \\n±\\ LTL 2\\D%u\\ L 2 LT < c\\n±\\ , i + ||tt|| z a fl -i+ 

< c ll re ±ll i+IM|jfi+>° 
x ± 
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Lemma 2.3 



\\(D 1 J 2 u)n±\\ L 2 +L2 < c\\n±\\ i\\u\\ 0+ i 

t x V 



Proof: By Sobolev's embedding theorem and Strichartz' estimate we have 

i II 
\\(D£u)n±\\ L 4- L 2 < c\\n±\\ LT - L2 J\D£u\\ L 4 LT < c\\n±\\ 0> i_||I}Ju|| i h 

x x X± L t H x 

< c\\n± || i _ ||it|| 3, 3_ 



Interpolation with Lemma 12. II gives the claimed result. 
A variant of this lemma is given in the following 

Lemma 2.4 

\\{D l J 2 u) *n±|| i?£ 2- <c||n±|| i + ||«|| o+i 

4 T X ± 1 A 2 

Proof: On one hand Lemma 12 . 1 1 gives 

\\(Dl /2 u) *n±|| i? <c||n±|| i + ||«|| i+ (16) 
On the other hand Young's inequality shows 

\\{Dl /2 u)*ni\\ L2L i <c\\f£\\ L * L i\\Dll\\\ LiL i (17) 
Now by Schwarz' inequality 

II^IL^l = \\J\fZi(Z,T)\(T±\t\) 1 2 + (T±\t\)-^-dT\\ L 2 

< c\\n±(£,T)(T ± \t\}* + \\q T = c||n±|| x0; i + 
and by Holder's inequality in r and Schwarz' inequality in £: 

\\dY 2 u\\ tiA = \\DY 2 u^T)(T+e)^(T+er^\\ 1 1 

< c\\DY 2 u(^T)(r + e^ + hlLt 



= c\\Dl /2 n^T)(r + e^ + (^ + (0-^ 

< c\\u\\ 14 _ 1 , 

Interpolating (|T7|) and (fl6|) we get the result. 

We also need a bilinear Strichartz' refinement for the pure Schrodinger prob- 
lem. We have the well-known 
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Lemma 2.5 If u\,u<i fulfill |£i| >> |£ 2 | > 1 /or £j £ suppui (i = 1,2), i/ie 
following estimate holds: 

i 

||(Z>Iui)u 2 || L 2 f < c||«i|| x0) i + ||u 2 || x0) i + 

Proof: jCKSTTlj . Lemma 7.1. 

We also have the following variant: 

Lemma 2.6 Under the assumptions of Lemma \2.5\ we have: 

i 

||( J D|u 1 )« 2 || x 2+ i 2 < c||ui|| x0+i i ||u2|| x o,J 
Proof: similarly as the proof of Lemma 12.31 

Remark: All the estimates in this section remain true, if any of the functions 
on the l.h.s. of the estimates are replaced by their complex conjugates. 



3 Estimates for the modified energy 



The main step towards global existence is an exact control of the increment of 
the modified energy. 

Proposition 3.1 Let (u,n±) be a solution of ^),^,^) on [0,5] in the sense of 
Prop. M.ll Then the following estimate holds (for N > 1 , s > 3/4): 



\E(Iu(d),In+(5)) - E(lu(0), /n+(0))| 
< c((ArWs- + N-i + 5 0+ )\\In^ 



Hull 



+(N~ 3+ + N- 1+ 5^-)\\In 



n 1,1 I U II .i 



Proof: Using ()14() and replacing Iut by (jllj) we have to show 



and 



In + A 1/2 (\Iu\ 2 - I{\u\ 2 ))dxdt 



c 1_ 

< -^^02 Jrij 



N i- 



J (Iu) xx (I(n + u) — In + Iu)dxdt 



\Iu\ 



x 1 ^ 



\In 



+ || o i+ll^ u ll 1 1 



(18) 



(19) 



as well as 

6 







I{n + u){I{n + u) — In + Iu)dxdt 



<<j^+ N ~ 1+sl n\\in + \\ 2 x0 , h 



\Iu\ 



x 1 -? 
(20) 

Here and in the sequel we assume w.l.o.g. the Fourier transforms of all these 
functions to be nonnegative, ignore the appearance of complex conjugates, use 
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dyadic decompositions w. r. to the frequencies ~ Nj = 2 k (k = 0,1,2,...). 
In order to sum over the dyadic pieces at the end we need to have extra factors 



Nj everywhere. 

We start with ((18)) which follows from 



#hKi,*)I& + 6I 5 
< 



m{i 2 )m{^) 



-^51 |K||^ 0i i + ||« 2 || yli 



(21) 



i 



Here and in the sequel * denotes integration over the set Ya=i = ( or Z)»=i Ci = 
0). 

The symmetry in £ 2 , £3 allows to assume N 2 > N3, and moreover we can assume 
N 2 > N, because otherwise the symbol is = 0. The condition J2i=i d = implies 
Ni < cN 2 . Thus N 2 ~ N max , where N max := max(iVi, N 2 , N 3 ). 



We have 



I Tn(&2+g3)-ra(g2)m(g3) I 
I m(6)™(?3) 1 

r<5 



< 



< c((^) 1/2 ) and thus the bound 



| o °^rH(6,t)l6| 1/2 ^fe,t)^(e 3 ,t)^((^) 1/2 

< c||n + ^/ 2 n 2 || L ,J| U3 ||^((^)^) 

/ iV 2 1 

< c||ri + ||^i + ||u 2 || x0+i i ||u 3 |Uo.o ( (-^r) 5 



< c\\n A 



< 



N max^ 2 \\ n +\\ x 0,l+h2\\ xl ,l\\uz\\ xlt X 



(22) 



by the bilinear Strichartz estimate. This implies 1)21(1. 
Next we prove (|19j) which is implied by 



/o 7* 



»™(£ 2 )m(£ 3 ) 



t)uZfa,t)nX&,t)dedt (23) 



< c (AT-|+«5l- + N-l + 8 0+ )\\ Ul \\ x _ hh \\u 2 \\ xl t \\n+\\ ^ 



x^ 



Case 1: N 2 ~ iV 3 > cJV. Then iVi < ciV 2 as above. 

The multiplier is estimated by m ^ 2 ^ < c(^-)2~ e , so that we get the bound 

I 1 N 2 i_ 

clln+ZJJtiallL^— rll«i|li,a t (-^r)5 e 



iV 2 a 



< c||n + ||^o,i + ||«2|| Jc o + ,i-4«3 11^11^1(^)1- 

-^2 



iVi 1 

< 4 n +\\ 0,1+ IK2II ^1,1 — 3— 

X Nj~ 



,N 2 .1. 

x-^JT )2 



which implies ((23|) . 

Case 2: N\ ~ iV 2 > ciV, thus 7V 3 < cAq. 
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The symbol is majorized by m (g 2 ) C m (g 3 ) — c ((l(r) 2 e )> which can be handled as 
in Case 1. 

Case 3: N x ~ N 3 > cN , N 2 « Nx ~ N 3 . 

Subcase a: N 2 < N 

By the mean value theorem we have 



™(6 + 6) - m<(6)m(6 



and we get the bound 



™(6 + 6) - m te) 



™(6) 



iV 2 



< c 



(Vm)(6) 



™(6) 



< C 

" N 3 



< cUn+H^iJImll^^iiV! >\\ U2 \\ x o,o — 

< cllfM-ll^jJIuill^j^r^^^lltiall^^ 

< cTV-^l-lln+H^^llmll^^ll^ll^i 



which implies (|2T 
Subcase b: |6| ~ |6| >> |6| > N. 

This is the technically most complicated region where we want to use algebraic 
manipulations on the Fourier side w.r. to r and £ and have also to take into 
account the characteristic function ip{t) of the time interval [0,5]. The problem 
is that ^>(t) = e " $ L\, but fortunately £ L\ + . We perform no dyadic 
decompositions at all here. 

We estimate the multiplier by | m (g 2 )| — c|^2 ) ^iV - 2 . Thus our aim is to give the 
following bound 



J * 



«i(Ci,t)|6l^(6, tRrfi < cN- 1+ 5 0+ \\ Ul \\ v 1 ||«2|L x 1 



n-i 



(24) 

which would imply (|23|) . 

Abusing notation we denote the Fourier transform w.r. to x and t also by ~. The 
l.h.s. is bounded by 



ui (6 , n ) I ^(r ) 1 |6 1 2 «2 (6 , T 2 )n + (6 , r 3 ) d£dr 



(25) 



Here ** denotes integration over X)f=i £i = S|=o r « = Remark again that 
w.l.o.g. ui, 1*2, n+ > 0. The crucial algebraic inequality in our region is the 
following: 

161 < c ((ri + |6| 2 )^ + (t 2 + |6| 2 )^ + (r 3 + |6|)3 + |t |*) 

We consider 4 cases according to which of the terms on the r.h.s. is dominant. 
Region 1: (n + |6| 2 ) 5 dominant. 
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We get the following bound for (|25[): 

c / (n + |6l z >'ICir 1 ^(Ci.n)|^(^)||6|'^(6,7i!)^i:(6>T3)dCrfT- 

< clluill^ill^CI^DP^Jn+ll^ 

< c||«i|| ^ll^-^I^DII.oo- 11(^^)^11 

< c5° + ||ui|| !^ lln+ll 0,i+ll«2||_ S rO+,J 

< cS° + N- 1+ \\u4 x _ ltl Jn+\\ t + \\u 2 \\ x ^ 

x + 

by Lemma 12.31 and by Hausdorff- Young, which gives 

\\T-\m\ Lr -<cu\\ Ll+ <c5 o+ 

as one easily calculates. 

Region 2: (r 2 + [£ 2 | 2 ) 5 dominant. 

Similarly as before we estimate (|25|) by 

c / \£i\~ l ui(£i, ri)|^(r )|(r 2 + |6| 2 >^l6l^(6>75)»+(6i ^d^dr 

J** 

< clluall^^ill^-Hl^DP.VKII^ 

< c||n 2 || x i,i||^- 1 (|^|)|| Lr -||( J D-V)n + || Lt2+L 2 

< o^Htiall j.jll^.H^JImll 

< c5°+iV-5||n 2 || xli i||n + || 0> i + || Ul || jJV"S+ 

where we used Lemma 12.31 again. 
Region 3: {T3 + |^3 1 2 ) 2 dominant. 
Using Lemma 12.61 we control (|25|) by: 

ieir 1 ^(6,n)|^(ro)||6l^(6,T 2 )(r 3 + |e3| 2 )^ + rq:(e3,-r3)^T 

< c||n+|| ,i + ||^- 1 (H)( J D- 1 n 1 )( J Dlu 2 )|| L2t 

^ 1 

< c||n+|| {fy\)h?-\\( D x u l)( D £ u 2)\\ L 2+ L 2 

< c<5 0+ ||n + j| i+||«ilL_3 + .i IKILa.A 



< c^+Hn+H^^iV-l+lluill^xll^ll^iiV-l 



Region 4: |tq [ 2 dominant. 
The upper bound for (|25|) is here 



161 1 «l(6,n)|ro|5|'0(rQ)||6| 5 W2(6, T 2 )n + (£ 3 ,T 3 )d£dT 

< c\\Dx 1 ^l|| i 2 L i+||M 5 |V>| * D 1 J 2 U2 * «+Hi2 L «= 
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by Holder. The first factor is estimated as follows by Holder w.r. to t±: 
\\D^ Ui \\ l2 l i+ = \\D^ui (n +ei)Hr 1 + ^\\ L 2 lI+ 



< ||^V<ri + ^ 1 2 )^|| i 2 <c 



£1 r i 



The second factor is bounded by Young's inequality by 



i 



c|| \t\ ^ \ip\ || L 2+ \\Dl /2 u 2 * n+|| L 2 L 2- 
< c<5°+||nj| nl . 



I 



1 



n j 



0,i + 



X '2 



Here we used Lemma |2.4I and the bound || |r| a 111^2+ < c<5 0+ , which is easily 
checked. 

Thus we get m an regions. 

Finally we have to prove (|20|). It is implied by 



™(6 + 6) + £4) - m(^ 3 )m(^4) 



m(£i)m(£ 2 ) 



■n + (£ 3 ,t)u4(£4,t)d£dt 



i 1 n 4 1 1 



(26) 



Case 1: JVi ~ N 3 >cN , iVi ~ 2V 3 >> iV 2 , iV"4 
Subcase a: < 



™(f 1 + 6) 



m(£i)m(£ 2 ) 
"1(6 + £4) - "i(^ 3 )m(^ 4 ) 



< 



™(6)"l(C4) 



»™(£ 2 

+ £4) - m(f 3 ) 



< 



(Vm)(&) 



< 



ciV 4 

a^" 



by the mean value theorem. Thus we get the bound 

N2 
N 



cj^\\n+\\L^Ll\\u 2 \\L 2 t L^\\n+Dl /2 u4 L 2^— T ((^)^ ' 



JV 4|I 



x 



0,i + 



LiH. 



t "a 



1 



iV 4 2 



— ) 2 

N 1 



x 



1 1 i — 8 2 11™+ I n 1 + ll u 4ll 1 1 T" x • . 



2 



which implies (|26j) . 

Subcase b: |£i| ~ |&l > ^ , |£i| ~ |6l » , |6|,M>AT. 

In this case we avoid any dyadic decomposition and estimate as follows: 



"t(£i)m(£ 2 ) 
m(£ 3 + £4) - m(£ 3 )m(£4) 



" |m(6)| " l iV J 



- |m(e 4 )i - l iV j 
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Thus we get the bound 

r5 r \&\*- u 



o J* Ni 



16 



1 



■n+(£ 3 ,t)(|£ 4 | 2 u 4 (&,t))— —d£dt 

1^4 I 2 

C I- I- 

< jjT^\\ n +\\L™Ll\\Dx u 2 \\ L 2 LT \\n + \\ LTL 2 ; \\Di u 4 \\ L 2 L o 

which is sufficient, because no dyadic decomposition was performed. 
Subcase c: \^\ ~ |&| > cN , ~ |6l » l&U&l , |&| > iV > |&|. 
We again perform no dyadic decomposition and estimate as follows: 



m(£ 3 + 6) - m(f 3 )m(f 4 ) 



< c 



< 



Ke 4 )|- C( iv )2 



Thus we get the bound 



Z" 5 /" J^Cjl(6,*)tS(e2, 0)^(6, 0(161^^4,*))-^-^ 
■/0 J* A^2 |^ 4 1 2 



< 



N 
c 



L?Li ||«2 \\ n + D l /2u 4Ll t 



< — -\\ n +\\ o ,4+ll«2lL, „o ,A+H U4 



< 
< 



iV2 

-^-||n + ||^i + 2 ||« 2 || xl ,i||n + ||^, + iVl . 

c „i . 



3 

m 



rll«+ll„o,i+^ 2 ll«2|lw,*H n +IL,o, 
^"I|n+f^i + ||u2|| xl ,i||u4|| xl , 5 



U 4 , l 



X, 



Case 2: N 2 ~ N 4 >cN , N 2 ~ N 4 » 7V 1; 7V 3 
We have 



m(6 + 6) 



m(^i)m(^ 2 ) 
m(£ 3 + 6) - m(^ 3 )m(^ 4 



C i\ ,JV 4 .l 



This gives the bound 



< 



/,N 3 .i\ ,N 2 ,i 

< C( (— 2 ) < C — )2 

- V iv / at 



^ idl n +IL<a+IM 



AT 



||n+ILo,A+IMI 



x, 



N 
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which implies Q26JI . 

Case 3: JVi ~ N 2 > cN, , N x ~ N 2 » N 3 , N 4 
Using 



m(£i + £ 2 ) 



m(£ 3 + £ 4 ) - m(^ 3 )m(^ 4 



< 



we get the bound 



Kd)l 

c 



" |m(^ 3 )m(^ 4 )| 

((f )*) ((f)*) (f )* 



< clln+ll X . 1 1 1*2 1 1 + 1 ^9 11^4-11 n 1 4- 11^4 II !+ x ■ 



iV 



< c||n + ||_ 0ii+ ||«2|| x i,iJV 2 3 l|n+ll.,o,4+ll«4|| vl> 4* a ^ 



< C ^-2 + (Ar 1 Ar 2 AT 3 iV 4 ) u -^-||n + r ^ + || U2 || xl ,i||n4|| xl , 5 



Case 4: N 2 ~ N 3 > cN , N 2 ~ N 3 » N 1} N 4 
Using 



m(£i + £ 2 



m(£i)m(£ 2 



< 



K6)l 



i)| - VN ) J 



m(£ 3 + £4) - m(£ 3 )m(£ 4 ) 



^(£3)^(61) 



< <c( (— )a 

" |m(£ 4 )| " ViV j 



we get the bound 



c||n.fZ)y 2 «2||i2 iVr 



-1/2, 



n 1 



k»^ll«4ll^s°((^)^((-Ar)' 



iV 



< c ll™+IL 0,4+IKILi 1^2 2 IKIL o,i+ 

X, 2 x 2 X, 2 



< cN-^+tN^NM^d^-Wn+W 2 . 1 

Case 5: iV 3 ~ N 4 > cN , N 3 ~ iV 4 >> iVi, iV 2 
Using 





^4 


V N ' 




*> 


x i, 2 ll«4 





V4xl 
12 



N 



m (6 + 6 



ra(£i)m(£ 2 ) 



< 



|m(fi)m(£ 2 )| 



<c((—) 2 )((—) 2 



mfe + £4) - m(£ 3 )m(£ 4 ) 



^(6)^(^4) 



< 



im(e 4 )i 2 - cl iv j2 
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we get the bound 



< c||n + ||^i + ||n 2 || xl ,iiV 2 - 2+ 52-\\n + \\^ h+ \\u A \\ vl ^N 



x 



■mm®* 

< ciV-i+(iV 1 iV 2 iV3Ar 4 ) -^-||n + || 2 ^, + ||n 2 || xl ,i||n 4 || xl , 5 



Case 6: N x ~ N 4 > cN , N ± ~ N A » N 2 , N 3 
Using 



< 



H6)l 



m(6 + &t) - m(£ 3 )m(£4) 



< 



K6)l 



we get the bound 



.iV 3 . 



< c||n + || y) ,i + || U2 || xl ,iiV 2 ^<52-||n + ||^ ,i + ||n 4 || xl ,iiV; 



iV 



TV 



< 



ciV-s+^iVaiVgiV^o-^-lln+lp || U2 || 



x ,iir«4ii xl ,i 



The remaining cases where at least three factors have equivalent frequencies > cN 
are similar or easier to handle so that Q26|) is proved in all possible situations. 
The proof of the proposition is complete. 



4 The global existence result 

Theorem 4.1 Let 1 > s > 5/6. The Zakharov system fT)). P|). /ias a unique 
global solution for data u G -£P(R) , n G # S_1 (R) , -4" 1/2 ni G ff' -1 (R). More 
precisely, for any T > f/iere exists a unique solution 

{u,n,A- l / 2 n t ) G X s ^[0,T] x X^+p.T] x X B - X &+[Q,T\ 

where X s_1 ^+[0,r] := X+ -1 ' 5+ [Q, T] + Xl _1 ' 5+ [Q,T]. T/iis gofatam satisfies 
{u,n,A- l / 2 n t ) G C°([0, T], H*(R) x ff'-^R) x tf s - x (R)) 

and 

\\u{t)\\ H s + ||n(t)|| ff .-i + \\A- x l 2 n t {t)\\ H s-i < c(l + 
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Proof: The data satisfy the estimates 

\\Iu \\ H i < ciV 1_s ||u ||.EP 

||^±o||l2 < cN 1 - a (\\n \\ H .-i + \\A-V 2 n 1 \\ H .-i) 
We use our local existence theorem on [0,6], where 6 ~ N ^i_ a)+ and conclude 



MvUrnxi + ll /n +ll„o,i + , „ + W In -\ .<• 



X l '1[0,5] 11 T "x"' 3 + [0,5] " "xy + [0,5] 
< c(\\Iu \\ H i + ||/n+|| L2 + \\In-Wv) < C2N 1 -" (27) 

From (fTI7|) we get 

E(Iu ,In +0 ) < co(||J«o|Ihi + \\In+o\\h + \\ Iu o\\h) < cN 2(1 ~ a) 
and from © 

p 1/2 /u ||| 2 + ||/n+||| 2 + ||Jrj-|||2 < 27V 2(1 ~ s) , ||/m ||l2 < M 

with c = c(c). Thus the constant in (|27|) depends only on c and M, i.e. C2 = 

c 2 (c,M). 

In order to reapply the local existence result with time intervals of equal length 
we need a uniform bound of the solution at time t = 6 and t = 26 etc. which 
follows from a uniform control over the energy by @. The increment of the 
energy is controlled by Proposition 13. II and (|27jl as follows: 

\E(Iu(6),In+(6)) - E(Iu ,In +0 )\ 
< c[(i\rl+£2- +JV-I+) II In+ II i + H/ull 2 ,! 



+(iY~ 3+ + Af- 1+ ,52-)||/n + || 2 1+ \\Iu 



2 



l 



X°' 2+ [0,5] X 1 '2[ ,5] J 

< c((JV-3+5l- + Ar-f+)AT 3 ( 1 - s ) + (AT-3+ + jy-H-^-)^^)) 
Using the definition of 6 we arrive at 
\E(Iu(6), In+(6)) - E(Iu , In+o)\ 

< c 3 ((7V-|+iV- 2 ( 1 - s )+ + Ar-f+)iV 3 ( 1 -) + (iV-3+ + iV -i+ iV -2(i-«)+j 7V 4(i-.) ) 

< c 3 (iV"HAr- 2 ( 1 - s )+Ar3( 1 - s ) + #-i+j\r2(i-«)+j\r4(i-*)) 

where C3 = cs(c, M). This is easily seen to be bounded by ciV 2 ( 1_s ) (for large N). 
The number of iteration steps to reach the given time T is % ~ j , _/\r 4 ( 1 ~ s ) + . 
This means that in order to give a uniform bound of the energy of the iterated 
solutions, namely by 2cN 2i - l ~ s \ from the last inequality the following condition 
has to be fulfilled: 

c 3 (N-^+N- 2 ^^N 3 ^-^ + N-i+N-^s)+ N Hi~s)^ TN 4(i~s)+ <giV 2(W) 

where C3 = 03(25, 2M) (recall here that the initial energy is bounded by cN 2 ^~ s ^). 
This can be fulfilled for N sufficiently large provided the following conditions hold: 

-~-2(l-s) + 3(l-s)+4(l-s) <2(l-s) ^> s > 5/6 
-1 - 2(1 - s) + 4(1 - s) +4(1 - s) < 2(1 - s) s>3/4 
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So here is the point where the decisive bound on s appears. 

A uniform bound of the energy implies by © uniform control of 

\\AV 2 Iu(t)\\ + \\In(t)\\ + \\A- l ' 2 In t (t)\\ < cN 1 - 3 

Moreover ||Iit(i)|| < = ||uo|| , thus 

+ \\n(t)\\ H .-i + \\A-V 2 nt(t)\\ H s-i < cN 1 ' 3 

Now, one can directly give a bound on the growth of the solution as follows. The 
most restrictive condition on ./V comes from the inequality 

^TN-^+N-^-^N^-^N 4 ^ 1 -^ < cN 2{1 - s) N > cT^ + 

This implies 

sup {\\u{t)\\ H s + \\n(t)\\ H .-i + \\A- l ' 2 n t {t)\\ Hs -x) < c(l+T)^ + 

0<t<T 
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